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Using the wide-range real-gas equation of state (EOS) of nitrogen, the gasdynamic calculations of the supercritical injection of a submerged turbulent jet of
cryogenic nitrogen into a chamber ¦lled with nitrogen at normal temperature
are performed. The results of calculations are compared with available experimental data on nitrogen density variation in the jet. Satisfactory agreement of
the results is obtained.

1

Introduction

Dozens of experimental and computational works are devoted to studies of the
speci¦c features of transcritical, near-critical, and supercritical fuel injection to
a combustor [1]. Thus, presented in the review article [2] are the results of systematic experimental studies on the injection of cryogenic liquids (nitrogen and
oxygen) as applied to liquid-propellant rocket engines implemented at the German Aerospace Center (DLR) (see, e. g., [3]) and in the U.S. Air Force Research
Laboratory (AFRL) (see, e. g., [4]). An overview of the computational work is
given, for example, in [5]. Calculations of sprays of cryogenic liquids are based
on the equations of the real gas §ow. Most often, the cubic EOS of the Peng
Robinson type are used with various corrections [6]. The §ow equations are
solved numerically, mainly, by the Large Eddy Simulation (LES) method [7] or
Direct Numerical Simulation (DNS) [8], although the methods based on the solution of the Reynolds-averaged NavierStokes (RANS) equations are also used [9].
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The objective of this work is to apply the analytical wide-range EOS of
nitrogen developed in [10] to the gasdynamic calculation of submerged jets of
cryogenic nitrogen.

2

Thermal Equations of State
in the Single-Phase Regions of Nitrogen

According to [10], the thermal EOS for nitrogen in the single-phase regions of
liquid, gas, and supercritical §uid is represented by the following formulae:
 at ρgtp 6 ρ 6 ρltp ,
R
;
µ

P = Ps (ρ) + ρf (ρ, T ) [T − Ts (ρ)]
 at 0 6 ρ 6 ρgtp ,
P = ρf (ρ, T )

R
T.
µ

(1)

(2)

Here, R is the universal gas constant; µ is the molecular mass of nitrogen; ρgtp
and ρltp are the densities of gaseous and liquid nitrogen at the triple point (ρgtp
= 0.0006664 g/cm3 and ρltp = 0.86722 g/cm3 ); and Ps (ρ) and Ts (ρ) are the
pressure and temperature at the nitrogen saturation line:
" 
#8
1/8

8
T
Ps (T ) =
− A ; Ts (ρ) = α P 1/8 + A
α
with
A = 6.07967 MPa1/8 , α = 1.63514 · 10−5 K at 63.15 6 T 6 90 K ;

A = 5.75042 MPa1/8 , α = 2.40954 · 10−5 K at 90 6 T 6 126.15 K .
Function f (ρ, T ) in Eqs. (1) and (2) is represented as
f (ρ, T ) = f (Z) =

5
X

ai Z i

(3)

i=0

with
ρ
Z=
ρc



T∗
T

3/n(T,T ∗ )

, n(T, T ∗ ) = B



T∗
T

m

, T ∗ = 400 K

where ρc is the critical density of nitrogen, and coe©cients ai , B, and m are
listed below: a0 = 1; a1 = 0.9307944411889; a2 = −0.7560883941; a3
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= 0.834935224625; a4 = −0.278071370493; a5 = 0.0415653559989;
B = 22.6697273186; and m = −0.180648388772.
The temperature in Eqs. (1) and (2) is limited from below by condition∗ :
T − Ts (ρ) > 0 .
The value ρ = ρgtp = 0.0006664 g/cm3 satis¦es the equality:
Ps (ρ) −

3

R
ρf (ρ, T )Ts(ρ) = 0 .
µ

Caloric Equations of State in the Single-Phase Regions
of Nitrogen

The speci¦c internal energy is the sum of the energy of an ideal gas
E ∗ (T ) =

5
Rθ
RT +
,
2
exp(θ/T ) − 1

θ = 3340 K,

and excess energy Eexc determined by the integral:

 #
Zρ "
∂P
Eexc =
P −T
ρ−2 dρ .
∂T ρ
0

The caloric EOS in the three single-phase regions under consideration are
expressed, respectively, by three di¨erent formulae, presented below [10]:
(1) liquid (T 6 Tc , ρ1 (T ) 6 ρ 6 ρltp )
E(ρ, T ) = E1 +

Zρ "

P −T

ρ1 (T )

(2) gas (T 6 Tc , 0 6 ρ 6 ρ2 (T ))
Zρ "
E(ρ, T ) = E2 +

P −T

ρ2 (T )



∂P
∂T

 #

ρ−2 dρ , ρ1 (T ) =

1
;
V1 (T )

(4)



∂P
∂T

 #

ρ−2 dρ , ρ2 (T ) =

1
;
V2 (T )

(5)

ρ

ρ

(3) supercritical §uid (T > Tc )
0

E(ρ, T ) = E (T ) +

Zρ "
0

∗ If

P −T



∂P
∂T

 #

ρ−2 dρ

(6)

ρ

condition (3) is violated, the system is in the two-phase region.
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where Tc is the critical temperature of nitrogen; V is the speci¦c volume; and
indices 1 and 2 refer to the liquid and gas at the saturation line, respectively.
When calculating integrals (4)(6), one should take into account the
change in the thermal EOS of Eq. (1) during transitions through the density
at the triple point.

4

Speci¦c Heats of Nitrogen in the Single-Phase Regions

The relationship between the speci¦c heat Cv and the internal energy E(ρ, T ) is
determined by the general formula:


∂E
Cv =
∂T v
in which E in the cases of liquid, gas, and supercritical §uid is determined by
Eqs. (4), (5), and (6), respectively. Moreover, in all three cases, in numerical
calculations, the derivative (∂E/∂T )v can be replaced with a su©cient accuracy
by the ratio of ¦nite di¨erences:


∂E
E(T + –T ) − E(T )
= lim
(7)
∂T v –T →0
–T
with a su©ciently small value of –T , for example, 0.00001T .
In all three cases, the speci¦c heat Cp is calculated by the general formula:
Cp = CV − T

(∂P/∂T )2V
(∂P/∂V )T

in which the derivatives (∂P/∂T )V and (∂P/∂V )T are calculated on the basis of
thermal EOS of Eqs. (1) and (2). In numerical calculations, the derivatives can
be replaced with a su©cient accuracy by the ratio of ¦nite di¨erences similarly
to Eq. (7).

5

Statement of the Problem

Presented in [3] are the results of experiments on the injection of an axisymmetric jet of cryogenic nitrogen with an initial temperature Tinj (120 and 130 K) and
velocity Uinj (from 1.8 to 5.4 m/s) into a cylindrical chamber ¦lled with gaseous
nitrogen at a pressure P0 ranging from 3.95 to 5.98 MPa and room temperature T0 = 298 K. The nozzle is a cylindrical circular channel with a diameter
D = 2.2 mm and a length of 90 mm. The chamber has a diameter of 122 mm
and a length of 1000 mm. In [3], the data are presented on the variation of the
jet density along its axis and along the radius for 12 sets of out§ow conditions.
To demonstrate the applicability of the wide-range EOS of nitrogen [10], we use
the results of [3], taking as a basis the following two sets of out§ow conditions:
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Figure 1 Geometry of the computational domain: (a) side view; and (b) enlarged
view from the side of the nozzle channel

(I) Tinj = 126.9 K; Uinj = 4.9 m/s; P0 = 3.97 MPa; and T0 = 298 K (run 3
in [3]); and
(II) Tinj = 137 K; Uinj = 5.4 m/s; P0 = 3.98 MPa; and T0 = 298 K (run 4
in [3]).
and solve the problem numerically using computational §uid dynamics methods.
For doing so, we apply the problem statement from [8], in which the results
of experiments [3] are compared with the results of DNS based on the Peng
Robinson EOS [6] with re¦nement [11].
Figure 1 shows the computational domain in the form of a short section of
a nozzle channel with a diameter D and length 2D, through which a cryogenic
nitrogen jet §ows along the symmetry axis into a chamber. The chamber has the
shape of an expanding truncated cone with a length of 32D with the minimum
and maximum bases of diameters 5D and 18D. The structured computational
mesh contains 328,000 cells.
At the inlet to the nozzle channel, the temperature Tinj and the velocity Uinj
of nitrogen are set as well as the turbulence parameters: kinetic energy kinj and
its dissipation εinj (the turbulent velocity and integral length scale were assumed
to be 0.1Uinj and 0.1D, respectively).
Constant pressure conditions Pout = P0 are set at the outlet (right) section
of the chamber. The wall of the nozzle channel and the left wall of the chamber
are considered adiabatic and the side wall of the chamber is assumed to be
isothermal with a temperature of 298 K.
The calculation is carried out using the AVL FIRE platform [12], into which
the thermal and caloric EOS developed by us as well as the procedures for calculating the speci¦c heat and molecular transport properties for nitrogen ¡
viscosity and thermal conductivity ¡ are preliminarily implemented. The coe©cients of dynamic viscosity and thermal conductivity are calculated by the
formulae [13]:
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η = η0 (T ) + ηr (T, ρ) ;

(8)

λ = λ0 (T ) + λr (T, ρ) + λc (T, ρ)

(9)

where η0 is the coe©cient of dynamic viscosity of nitrogen at low pressure; ηr is
the correction for the residual viscosity of liquid; λ0 is the coe©cient of thermal
conductivity of nitrogen at low pressure; λr is the correction for residual thermal
conductivity; and λc is the correction for thermal conductivity in the critical
region.
For each term in Eqs. (8) and (9), there are corresponding relations and
coe©cients in [13]. The AVL FIRE platform is used worldwide for the design
of reciprocating engines. The default thermal and caloric EOS in the code are
the ideal-gas EOS. Earlier (in [14]), we used this code to perform comparative
three-dimensional (3D) gasdynamic calculations of the operation process in the
combustion chamber of a diesel engine using the ideal gas thermal and caloric
EOS and the EOS of real gas, developed at the Federal Research Center for
Chemical Physics of the Russian Academy of Sciences. A signi¦cant in§uence
of the e¨ects of real gas on the indicator diagram and on the yield of nitrogen
oxides and soot was reported.
The numerical simulation of the injection of cryogenic nitrogen is performed
using the 3D RANS equations, supplemented by the kεf turbulence model [15].
A segregated algorithm like semi-implicit method for pressure linked equations [16] is applied to solve the set of governing equations. Convective transport
in the law of conservation of mass is approximated by the central di¨erence, in
the law of conservation of momentum by the total variation diminishing scheme
with the MINMOD limiter [17], and for the rest of the equations, the standard
UPWIND scheme of the ¦rst order is used.

6

Results of Calculations

Before gasdynamic calculations of the injection of a jet of cryogenic nitrogen into
the volume, we veri¦ed all thermophysical parameters of the problem against
the NIST (National Institute of Standards and Technology) database [18] on
the isobar P = 3.98 MPa at 100 6 T 6 300 K. Figure 2 shows the results of
calculations for Cp (T ) (Fig. 2a), ρ(T ) (Fig. 2b), E(T ) (Fig. 2c), η(T ) (see Fig. 2d,
Eq. (8)), and λ(T ) (see Fig. 2e, Eq. (9) with λc = 0). Note that the boiling point
of nitrogen at a pressure of P = 3.98 MPa is 130 K. At this temperature, the
speci¦c heat Cp has a pronounced local maximum. Comparison shows that in the
indicated temperature range, all the thermophysical parameters of the problem,
obtained by the proposed EOS and by Eqs. (8) and (9), are in excellent agreement
with the data [18].
The results of gasdynamic calculations are presented in Figs. 3 to 5. Figure 3 shows the steady-state ¦elds of nitrogen density in the longitudinal section
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Figure

2 Comparison of the calculated (1) dependences Cp (T ) (a), ρ(T ) (b),
E(T ) (c), η(T ) (d ), and λ(T ) (e) with the data of [18] (2) for nitrogen at isobar
3.98 MPa

of the computational domain, obtained for sets of conditions I and II. Figure 4
compares the calculated and measured in [3] dependences of the nitrogen density
on the dimensionless distance to the nozzle exit X/D along the axis of symmetry
of the jet for the same sets of conditions. Finally, Fig. 5 compares the calculated
and measured in [3] radial pro¦les of nitrogen density at di¨erent values of X/D
N. M. Kuznetsov et al.
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Figure

3 Calculated ¦elds of nitrogen density in the longitudinal section of the
computational domain obtained for sets of conditions I (a) and II (b)

Figure 4 Comparison of the calculated (curves) and measured [3] (symbols) pro¦les
of nitrogen density along the axis of symmetry of the jet for sets of conditions I (a)
and II (b)

(from 1.2 to 25) for a set of conditions I. Moreover, in accordance with [3], the
dimensionless density ρ+ is de¦ned as
ρ − ρ0
ρ+ =
ρa − ρ0
where ρ0 is the initial nitrogen density in the chamber; ρa is the nitrogen density
at the jet axis; and the radius r is related to the radius r1/2 , at which the nitrogen
density is equal to the mean arithmetic value ρ1/2 = (ρa + ρ0 )/2.
It follows from Fig. 4 that the calculation reproduces the steady-state density
distributions along the jet axis for both sets of conditions within the experimental
error. As for the radial density distributions in Fig. 5, at X/D 6 5, X/D = 15,
and X/D = 25, the calculation reproduces well the experimental data, giving
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Figure 5 Comparison of the calculated (curves) and measured [3] (symbols) distributions of the dimensionless density of nitrogen on the dimensionless radius r/r1/2 at
di¨erent distances from the nozzle exit X/D for a set of conditions I: 1 ¡ X/D = 1.2;
2 ¡ 5; 3 ¡ 10; 4 ¡ 15; 5 ¡ 20; and 6 ¡ X/D = 25

the jet width values close to the measured ones. However, at X/D = 10 and 20,
the calculation underestimates the density at the jet periphery. This latter e¨ect
can be associated with the presence of large eddies in the jet structure which are
not resolved by the turbulence model used.

7

Concluding Remarks

Thus, the analytical wide-range EOS of nitrogen developed in [10] has been
implemented into the gasdynamic code for calculating the injection of a dense
submerged turbulent jet of cryogenic nitrogen into a chamber ¦lled with nitrogen
at normal temperature and pressure of 3.98 MPa. The results of calculations are
compared with the experimental data on the variation of the density of matter
in jets of cryogenic nitrogen of the initial supercritical temperature (126.9 and
137 K). Satisfactory agreement of the results is obtained.
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