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Abstract—Based on the system of equations of twophase compressible viscous flow, we performed a two
dimensional numerical simulation of momentum transfer by a shock wave propagating from a gas to a con
tinuous aqueous medium or an aqueous medium with air bubbles. When a shock wave impinges on a contin
uous aqueous medium, the incompressible liquid is set in motion by gas overpressure after the reflection of
the shock wave from the gas–liquid interface; however, when a shock wave impinges on a bubbly aqueous
medium, the compressible liquid is set in motion due to the penetration of a shock wave into it. Parametric
calculations have shown that momentum transfer from a shock wave to a bubbly fluid can be accompanied by
dynamic effects, which ensure that the momentum transferred to the bubbly liquid for some time by far
exceeds the momentum transferred to a continuous liquid, all other things being equal. These dynamic effects
can be used to develop energyefficient hydrojet propulsion units.
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1. INTRODUCTION
Most of the modern power plants of water transport
vehicles are fitted with bladed propellers, which have a
high coefficient of performance (COP), up to 70% [1].
However, with increasing speed of the vehicle, the
thrust characteristics of such propellers and their
COPs decline; at a speed higher than ~50–60 knots,
cavitation arises, which limits the force with which the
propeller acts on the outboard water.
For highspeed vehicles, an alternative to bladed
propellers is offered by hydrojet propulsion units [2].
In the hydrojet propulsion unit (HPU), the thrust is
produced by energy transfer from the heat carrier to
the working medium, namely the water in a special
flow channel (water duct), with the expanding com
bustion products of the fuel–air mixture (FAM), high
pressure steam, or the products of reaction of the fuel
with water serving as the heat carrier. The main advan
tage of the HPU is the direct conversion of chemical
energy into the kinetic energy of the jet ejected from
the water duct.
According to the operation principle, continuous
and periodic HPUs are distinguished; the water duct
of the continuous HPU operates continuously,
whereas that of the periodic HPU operates periodi
cally, with interruptions for preparation of the water
for accelerated ejection. In the continuousflow HPU,

as in the airbreathing ramjet engine, the energy input
into the working medium occurs at constant pressure,
P = const (Brayton thermodynamic cycle), whereas in
pulsedflow HPUs equipped with valves, the prepara
tion of the water proceeds at constant volume V = const
(Humphrey thermodynamic cycle), during which the
pressure of the water in the duct increases, for example
due to the combustion of fuel in the adjacent combus
tion chamber.
Since the thermodynamic efficiency of the Hum
phrey cycle is higher than that of the Brayton cycle,
periodic HPUs must be, in general, more effective
than continuous ones. A fuelfed pulsedflow HPU
can operate in the deflagration (slow) or detonation
(fast) combustion modes. It is known that the thermo
dynamic cycle of detonation combustion (Zel’dovich
cycle) provides a higher thermodynamic efficiency of
conversion of chemical energy into mechanical work
as compared to deflagration combustion at constant
volume [3, 4]. Consequently, periodic HPUs with det
onationmode combustion can be quite promising for
the water transport.
To make full use of the advantages of the Zel’dovich
thermodynamic cycle in periodic HPUs, it is neces
sary to takes into account the following facts. Because
of the large inertia of the water charge in the duct, the
detonation wave coming out of the adjacent combus

363

364

AVDEEV et al.

tion chamber onto the gas–water interface undergoes
multiple reflections before the water begins to rapidly
move from the water duct; i.e., all the kinetic energy of
detonation products has time to convert into thermal
energy. The latter ensures that the combustion in the
adjacent combustion chamber actually occurs at con
stant volume (V = const). In addition, the reflection of
the detonation wave from the water surface generates
in the water bulk only a weak acoustic wave, imparting
practically no momentum to the aqueous medium
because of the very low compressibility of water. In this
case, the acceleration of the water in the duct begins
only after multiple reflections of the detonation wave
from the gas–water interface under the influence of
the overpressure of the combustion products. How
ever, it is known that the compressibility of the fluid is
strongly dependent on the gas content in it: water with
gas or vapor bubbles has a much higher compressibility
than the continuous water and gas/vapor in the bub
bles [5]. For example, the lowfrequency speed of
sound in water with air bubbles is 40–50 m/s, whereas
in water with steam bubbles, only 5–10 m/s, which is
significantly less than the speed of sound in water
(~1500 m/s) or in air (~340 m/s). Replacement of
continuous water by bubbly water enables to take the
advantage of detonation combustion noted above: the
penetration of a pressure wave of finite amplitude
(shock wave) into a bubbly medium would set (without
multiple reflections) the bubbly medium as a whole in
motion and, hence, would provide a higher momen
tum of the hydrojet for some period. This idea under
lies the patent of invention [6]. Note also that a gas
detonation wave interacting with a continuous fluid
must inevitably produce gas bubbles. Consequently, in
a periodic HPU, bubbly liquid will be present anyway.
The aim of the present work is to develop a compu
tational model of wave propagation in stratified two
phase systems containing continuous and bubbly liq
uid and to numerically simulate momentum transfer
from a shock wave propagating in a gas to continuous
and bubbly aqueous media.
2. TWOPHASE FLOW EQUATIONS
Consider a bubbly liquid composed of two phases,
a dispersed gas phase (subscript 1) with a volume frac
tion α1 and a dispersion liquid phase (subscript 2) with
a volume fraction α 2. Let us introduce the following
simplifying assumptions:
(1) during shock compression of a bubbly liquid in
a traveling shock wave, the gas does not dissolve in the
liquid and liquid does not evaporate into the bubbles;
(2) the shock wave has a relatively low intensity, so
that the density of the liquid phase depends only on
the fluid temperature T2;
(3) the flow of the bubbly liquid caused by the
shock wave is laminar;

(4) the effects of gravity, buoyancy force, and fric
tion force on the confining surfaces on the relative
movement of the phases in the bubbly liquid is negligi
bly small.
The mathematical model of the interaction of a
shock wave with a bubbly liquid is based on twophase
flow differential equations, derived based on the con
cept of interpenetrating continua [7], more specifi
cally, the equations of conservation of mass, momen
tum, and energy of the phases:

∂α1ρ1
+ ∇ α1ρ1v 1 = 0,
∂t
∂α 2ρ 2
+ ∇ α 2ρ 2 v 2 = 0,
∂t

∂α1ρ1v 1
+ ∇ α1ρ1v 1v 1 = −α1∇ p1 + ∇ α1τ1 + M12,
∂t
∂α 2ρ 2 v 2
+ ∇ α 2ρ 2 v 2 v 2 = −α 2∇ p2 + ∇ α 2τ 2 + M 21,
∂t
(1)
∂α1ρ1h1
+ ∇ α1ρ1v 1h1 = ∇ α1q1
∂t
∂p
+ ∇ α1τ1v 1 + α1 1 + H 12,
∂t
∂α 2ρ 2h2
+ ∇ α 2ρ 2 v 2h2
∂t
∂p
= ∇ α 2q 2 + ∇ α 2τ 2 v 2 + α 2 2 + H 21.
∂t
Here, t is the time, ∇ is the differential operator with
respect to the coordinates of the radiusvector r, ρ1
and ρ2 are the densities of the phases, v 1 and v 2 are the
velocities of the phases, p1 and p2 are the pressures in
the phases, τ 1 and τ 2 are the viscous shear stress ten
sors for phases 1 and 2, q 1 and q 2 are the heat fluxes in
phases 1 and 2, M12 = −M21 and H 12 = −H 21 are the
terms that describe the interphase transfer of momen
tum and energy; h1 and h2 are the stagnation enthalpies
of the phases defined as
T1

h1 = h1,0 +

∫c

p,1dT

T1,0

+ 1 v 1v 1,
2
(2)

T2

h2 = h2,0 +

∫c

p,2dT

T2,0

+ 1 v 2 v 2,
2

where c p,1 and c p,2 are the specific heats of the phases at
constant pressure, T1 and T2 are the temperatures of
the phases; the additional subscript 0 denotes to the
initial values of the variables.
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The system of equations (1) should be supple
mented by the following relationships for the fluxes τ1,
τ 2, q 1, q 2, M12, and H 12:

(

)

(

)

Table 1. Geometric dimensions of the shock tubes used in
[13–16]
Experimental study

h,
mm

LHPS,
mm

LLPS,
mm

L,
mm

[13]
[14]
[15]
[16]

20
40
60
30

1400
1150
800
1500

160
290
200
200

1850
3550
2000
1200

T
τ1 = μ 1 ⎡ ∇ v 1 + ∇ v 1 − 2 ∇ v 1 ⎤ ,
⎢⎣
⎥⎦
3
T
τ2 = μ2 ⎡ ∇ v 2 + ∇ v 2 − 2 ∇ v 2 ⎤ ,
⎣⎢
⎦⎥
3
æ
q1 = 1 ∇ h1,
c p,1

q2 =

æ2
∇ h2,
c p,2

Aρ2 v 12 v 12
,
8
æ A(T − T2 )
= Nu 2 1
,
d1

M12 = C D
H 12

where µ1 and µ 2 are the dynamic viscosities of phases 1
and 2; æ1 and æ2 are the thermal conductivities of
phases 1 and 2; v 12 = v 1 − v 2 is the relative velocity of
the phases; d1 is the diameter of the bubbles;
A = 6α1 d1 is the total area of the interface per unit
volume of bubbly liquid; CD and Nu are the drag coef
ficient and Nusselt number, which are generally
dependent on the Reynolds number of the relative
motion of the phases, Re12 = ρ 2 v 12d1 μ 2 , and the
Prandtl number of the liquid Pr2 = c p,2µ 2 æ 2 [7]:

⎡
⎤
0.687
C D = min ⎢ 24 (1 + 0.15Re12
), 72 ⎥ ,
Re12 ⎦
⎣Re12
0.5
Nu = 2 + 0.6 Re12
Pr20.33 .
The system of eight equations (1)–(2) and the
expressions for the fluxes contain 12 dependent vari
ables: α1, α 2, ρ1, ρ 2, v 1, v 2, p1, p2, h1, h2, T1 and T2. To
close the problem, we used the four additional rela
tions,

ρ 2 = ρ 2(T2 ), α 2 = 1 − α1,
(3)
p1 = ρ1RT1, p2 = p1.
The system of equations (1)–(3) is supplemented
by initial and boundary conditions for the above vari
ables and their derivatives. The last relation in (3),
which equates the pressures in the phases, should be
treated with some caution. The matter is that, at the
identical pressures in the phases, the considered sys
tem of equations may lose the property of hyperbolic
ity. For example, the analysis of system (1) carried out
in [8] for an isothermal flow of bubbly liquid at zero
fluxes τ1, τ 2, q 1, q 2, M12 and H 12 and identical pressures
in the phases showed that the matrix of coefficients of
the system has complex eigenvalues; i.e., the mixed
evolutionary boundary value problem, based on sys
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tem (1) with zero fluxes is illposed: small random per
turbations of its solution will grow exponentially over
time, with the rate of growth of the perturbation being the
higher, the smaller the perturbation wavelength. Taking
into account interfacial interactions in system (1) sup
presses the instability of the solution; however, upon
imposition of a perturbation of greater amplitude, the
solution loses stability. To regularize this problem, it
was proposed to specify in system (1) different (physi
cally reasonable) pressures in the phases, for example,
taking into account the surface tension on the curved
interphase interfaces. Similar studies and recommen
dations on the regularization of problems with mul
tiphase flows are described in [9–11].
We performed an a priori analysis of the stability of
system (1) with nonzero fluxes, which showed that the
inclusion of, for example, the momentum fluxes τ1, τ 2
inside the phases makes the evolutionary problem
wellposed (Appendix). To numerically solve system (1),
we used a method based on the finitevolume discreti
zation of differential equations with firstorder
approximation in space and time [12]. To avoid an
excessive refining of the computational grid near the
solid surfaces with noslipflow conditions, the stan
dard method of wall functions was used.
3. TEST CALCULATIONS
To test the predictive capability of mathematical
model (1)–(3), we used the experimental results
reported in [13–16]. In these works, vertical shock
tubes were used to study the characteristics of shock
waves propagating from the gas phase to a bubbly water
medium (Fig. 1). Shock tubes with a characteristic
transverse dimension h consisted of a highpressure
section (HPS) of length LD and a lowpressure section
(LPS) of length LLPS + LTS, separated by a bursting
diaphragm (Table 1). The lower part of the LPS was
occupied by a column of airbubbled water of height
LTS. After the rupture of the diaphragm at the top of
the lowpressure section, filled with air, a shock wave
with known characteristics was formed, which then
traveled to the bubbly liquid. The velocity of propaga
tion and other characteristics of the shock wave in the
bubbly liquid were measured using pressure sensors
(DD) mounted in the test section (TS). Highspeed
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h

HPS
LHPS

LPS

LLPS

TS
LTS

1850 mm was saturated with air bubbles with an aver
age initial (index 0) diameter of d10 = 2 mm and an ini
tial volume fraction of gas of α10 =0.01 to 0.2. The
shock wave velocity in the bubbly liquid D was deter
mined from the records of sensors DD1 and DD2
(Fig. 2a) by dividing the distance between them by the
time interval between the arrival of the wave at sensors
DD1 and DD2. Figure 2b compares the calculation
results (curve) with the experimental data from [13]
(symbols), more specifically, the dependence of the
shock wave velocity within the measurement segment
DD1–DD2 on α10. The calculations were performed
in the twodimensional approximation for the actual
basic geometric dimensions of the shock tube used in
[13]. The average calculated velocity of the shock wave
was determined in the same manner as in the experi
ment: from the distance between control sections
DD1 and DD2 and the time it takes for the wave front
to traverse this distance. Figure 2b shows that the cal
culation and experimental results are in good agree
ment at α10 > 2–3%, while at lower values of α10 , a
large discrepancy is observed. The latter is apparently
due to the violation of the assumption of continuity of
the dispersed phase (bubbles) under such conditions:
bubbles in the water are located far apart, so that the
shock wave appears to interact with individual bub
bles. Figure 2b also shows that the shock wave velocity
in water with air bubbles is 50–150 m/s, which is sub
stantially less than the velocity of sound in water
(~1500 m/s) and air (340 m/s).
3.2. Experimental Data from [14]

Fig. 1. Schematic diagram of the shock tubes used in [13–16]
to study the propagation of shock waves in bubbly liquids.

photography frames were taken through optical win
dows in the TS.
The computational grid was refined until the result
became independent of the computational grid cell
size. Further refinement of the computational grid and
reduction of the time step did not affect the calculated
propagation velocity of the shock wave propagation
through the bubbly liquid.
3.1. Experimental Data from [13]
In experiments conducted by the authors of [13],
the highpressure section and lowpressure section
were filled with air at room temperature and pressures
of 4 and 1 atm, respectively. A water column of height

In experiments performed by the author of [14], a
high pressure in the HPS (24 and 36 atm) was obtained
by burning an acetylene–oxygen mixture, whereas the
LPS was filled with air at atmospheric pressure; the
test section was occupied by a 3550mmhigh water
column with air bubbles of mean diameter d10 = 2.5 mm;
the initial volume fraction α10 of gas phase ranged
from 0.005 to 0.06. The air and water were at room
temperature. The shock wave velocity in the bubbly
liquid was determined from the signals of sensors
DD1, DD2, and DD3 (Fig. 3a) by dividing the dis
tance between the sensors by the time interval between
the arrival of the wave at sensors DD1 and DD2. Fig
ure 3b compares the calculation results (curve) with
the experimental data from [14] (symbols): the shock
wave velocity within the measurement distances
DD1–DD2 and DD2–DD3 versus α10 at two gas
pressures (24 and 36 atm) in the HPS. The calcula
tions were performed in the twodimensional approx
imation for the actual basic geometrical dimensions of
the shock tube [14]. The average calculated velocity of
the shock wave was determined in the same manner as
in the experiment, by dividing the distance between
the control sections DD1–DD2 and DD2–DD3 by
the travel time of the wave front over these sections.
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(b)

HPS
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350
300
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200
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DD1
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800
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0

0.04

0.08
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α10

0.20
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DD2

Fig. 2. (a) Schematic diagram of the experimental setup used in [13] (dimensions in mm); (b) comparison of the calculated
(curve, present work) and measured (symbols [13]) dependences of the shock wave velocity within measurement segment DD1–
DD2 on the volume fraction of air bubbles in the water.

(a)
HPS
LPS

(b)
D, m/s
800
700
600
500

TS
3550

400
300

590

100

70 470

0

DD2
DD3

2
1

200

DD1

0.01

0.02

0.03

0.04

0.05 0.06
α10

Fig. 3. (a) Schematic of the experimental setup used in [14] (dimensions in mm); (b) comparison of the calculated (curves,
present work) and measured (symbols [14]) dependences of the shockwave velocity within measurement segments DD1–DD2
and DD2–DD3 on the volume fraction α10 of air bubbles in the water at different pressures in the HPS: (䊉, 1) pHPS = 24 atm and
(䉲, 2) 36 atm.

Note that, for the given values of α10 and pressure in
the HPS, the shock wave velocities calculated for the
measurement distances DD1–DD2 and DD2–DD3
did not differ from each other. Figure 3b demonstrates
that the calculation and experimental results are in
good agreement, even at α10 = 0.005. It should be
RUSSIAN JOURNAL OF PHYSICAL CHEMISTRY B

emphasized that, in the experiments performed in
[14], the shock waves in water with air bubbles were
considerably stronger than in the experiments carried
out in [13]. For example, at the same initial volume
fraction of gas phase, α10 = 0.02 and nearly identical
average sizes of the air bubbles, the shock wave velocity
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(a)

(b)

D, m/s
HPS
LPS

220

TS

180

1

200

160
DD1
250
2000

2

140
120
100

DD2

3

80
1180

60
40
1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0
0.5
p1/2
HPS , bar

Fig. 4. (a) Schematic diagram of the experimental setup used in [15] (dimensions in mm); (b) comparison of the calculated
(curves, present work) and measured (symbols [15]) dependences of the shockwave velocity within measurement segment DD1–
DD2 on the pressure in the HPS pHPS at different initial volume fraction of air bubbles α10 in water–glycerol solutions: (䊊, 1) 0.01,
(䉭, 2) 0.02, and (䊉, 3) 0.05.

was 150 m/s in [13] and 300 and 400 m/s in [14],
whereas at α10 = 0.05, it was 100 m/s in [13] and 200
and 250 m/s in [14].
3.3. Experimental Data from [15]
In the experiments conducted by the authors of
[15], the air pressure in the HPS was varied from 1.2 to
4 atm, while the LPS was filled with air at atmospheric
pressure. A 2000mmhigh column of water–glycerol
solution (kinematic viscosity 2 × 10–6 m2/s) containing
air bubbles with an average diameter of d10 = 2.0 mm
was placed in the test section of the shock tube; the gas
phase volume fraction was α10 = 0.01, 0.02, and 0.05;
the air and solution were at room temperature. The
shock wave velocity in the bubbly liquid was deter
mined using the signals from sensors DD1 and DD2
(Fig. 4a) by dividing the distance between the sensors
by the time interval between the arrivals of the wave at
sensors DD1 and DD2. Figure 4b compares the calcu
Table 2. Main parameters of two runs from [16]
Run no.

d10,
mm

α10

PHPS,
atm

PLPS,
atm

1

3.8

0.027

2.27

2.02

2

5.0

0.0077

1

1

lation results with the experimental data in the form of
the dependence on the shockwave velocity measured
over the DD1–DD2 distance on the pressure in the
HPS. As can be seen from Fig. 4b, the calculation and
experimental results are in good agreement at both
α10 = 0.01 and α10 = 0.02 and 0.05.
3.4. Experimental Data from [16]
The authors of [16] performed two experiments on
the optical detection of the velocity of gas bubbles
behind a shock wave propagating in a vertical column
of water with air bubbles in the test section of a shock
tube. The initial pressure and temperature of the air
and water corresponded to normal atmospheric con
ditions. The basic parameters of the experiments [16]
are listed in Table 2.
Figures 5a and 5b compare the calculation results
(curves) with the experimental data in the form of the
time evolution of the velocity of the bubbles for two
experiments from [16]. A satisfactory agreement
between measurements and simulations is observed.
Note that, in [16], a highspeed cinematography was
used to record the velocity of a single air bubble set in
motion by the shock wave, while the simulations
yielded the velocity of the entire dispersed component
of the bubbly liquid, without regard for the deforma
tion of the gas bubbles during their movement.
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4. TRANSFER OF MOMENTUM
FROM THE SHOCK WAVE
TO THE BUBBLY MEDIUM
The above test calculations give reason to believe that
the mathematical model of twophase flow based on sys
tem (1) properly describes the dynamics of the interac
tion of a shock wave with a bubbly medium. This enables
to formulate and solve an important problem of momen
tum transfer from a shock wave to a bubbly medium.
Consider the schematic diagram of a model device
displayed in Fig. 6. The device consists of a water duct
(a wide straight channel of constant cross section,
850 mm in length and 100 mm in width, with two open
ends) and a shock wave generator (a gas channel of
width 50 mm with HPS and LPS sections separated by
a diaphragm), with one of the channel ends being
open, communicating with the water duct. Suppose
that the entire device is immersed in a continuous
aqueous medium, the HPS is filled with hightemper
ature highpressure combustion products, the LPS is
filled with air under normal conditions, whereas the
parts of the water duct adjacent to it (regions I–III in
Fig. 6) can be filled with bubbly water. Differences in
the hydrostatic pressure at different points of the com
putational domain are assumed negligible. Figure 6
specifies all the dimensions of the model device,
whereas Table 3 lists all the input parameters of the
problem. To curtail the computational cost, the prob
lem of transfer of momentum from the shock wave to
the bubbly flow was solved for half the water duct, so
that the computational domain was limited from
below by a symmetry plane, as shown in Fig. 6. The
three other boundaries of the computational domain
(left, right, and top) were set far away from the water
line, so that they would not influence the flow in the
water duct and its immediate neighborhood.
Two series of calculations were performed. In the
first series, air bubbles were introduced only in region I
inside the water duct, adjacent to the outlet section of
the shock wave generator. The initial volume fraction
of water in the region I was α 20 = 1.0, 0.97, 0.94, 0.90,
and 0.80. In the second series of calculations, air bub
bles were introduced into region I of the water duct,
regions I and II, or regions I, II, and III, whereas the
initial volume fraction of water in the bubbly medium
was fixed at 0.90. In all calculations, at the initial time,
all the media (gas in the HPS, gas in the LPS, water in
the water duct and outside it, as well as the bubbly liq
uid in the water duct) were at rest. The movement
began after the instant opening of the diaphragm that
separates the HPS and LPS. As a result, an air shock
wave was formed, which after a short time, first pene
trated into the bubbly liquid and then propagated into
the continuous water in the water duct and outside it,
undergoing reflections and diffraction.
Figure 7 shows spatial distributions of the volume
fraction of water α 2 in the calculation domain at dif
ferent instants of time after the opening of the dia
RUSSIAN JOURNAL OF PHYSICAL CHEMISTRY B
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Fig. 5. Comparison of the calculation results (curves,
present work) with the experimental data (symbols) [16]
on the time evolution of the velocity of a gas bubble set in
motion by a shock wave: (a) run 1, (b) run 2 in Table 2.

phragm in the shock wave generator (after 1, 5, 10, 15,
and 20 ms) for a bubbly water charge (α 20 = 0.9, left)
and for a continuous water charge (α 20 = 1, right). A
comparison of the distributions on the left and right
clearly shows differences between them starting from
the time 5 ms. When the shock wave emerges from the
bubbly water charge, a zone with a high gas content is
rapidly formed near the right edge of the water duct
wall, which later merges with the gas coming from the
shock wave generator. By the time 20 ms, the sizes of
the gas bubble at the water duct outlet for the two
above cases were significantly different.
The instantaneous force acting on the device is
given by
F (t) = I in (t) − I out (t),
Vol. 9

No. 3

2015

AVDEEV et al.

Water duct
II

25

50

III

50

y

Water
I

SW
250
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LPS
SW generator

h

370

Symmetry
plane
300

Fig. 6. Schematic diagram of the model device for calculating the momentum transfer from a shock wave to a bubbly medium
(dimensions in mm).

where
h

∫

I in (t ) = [ pin (t, y) + ρ in (t, y)uin (t, y)]dy,
2

0

h

∫

I out (t ) = [ pout (t, y) + ρ out (t, y)uout (t, y)]dy.
2

0

Here, the indices “in” and “out” correspond to the
left and right sections of the water duct of halfwidth h =
50 mm, and y is the transverse coordinate (Figs. 6 and 7).
The force F is considered positive if it is directed from
the right to the left in Figs. 6 and 7.
Figure 8 shows the time evolution of the instanta
neous force F for the two cases specified in Fig. 7
throughout the calculation time (Fig. 8a) and within
the initial 20 ms (Fig. 8b). In either case, the entire
process of momentum transfer from the shock wave to
the liquid (both continuous and bubbly) can be
divided into four stages. In the first stage, the action of
the shock wave on the fluid in the water duct domi
nates. In the second stage, the wavemode action gives
way to the pistonmode action of the highpressure gas
Table 3. Parameters of the problem of momentum transfer
from a shock wave to a bubbly liquid
Parameter

Value

LLPS, mm

250

LHPS, mm

250

LWD, mm

850

Pressure in HPS, atm
Temperature in HPS, atm
Pressure of air in LPS, atm
Temperature of air in LPS, atm
Temperature of water, K
Volume fraction of gas in the water
charge α 10

15.5
3957
1
293.15
293.15
0, 0.03, 0.06, 0.1
and 0.2

on the liquid in the duct. In the third stage, the piston
mode action declines due to the escape of a gas bubble
through the right end of the duct. Finally, in the fourth
stage, the pressures of the liquid and gas in the duct
equilibrate, and momentum transfer stops.
As can be seen from Fig. 8, during the first stage,
shortterm peaks of positive and negative instanta
neous forces arise, caused by reflections of the shock
wave and rarefaction wave formed in the gas channel,
as well as in the stratified medium, and in the semi
infinite space, with the highest positive instantaneous
force peaks for the bubbly charge and the continuous
water charge being observed at ~3 and 0.5 ms, respec
tively, i.e., at moments when the shock wave emerges
from the right opening of the water duct, being accom
panied by the ejection of a portion of medium through
this opening. Further, in the second stage, until the
time 15–16 ms, a slow increase of instantaneous force
is observed in both cases, caused by the progressive
acceleration of the medium by the gas bubble expand
ing from the shock wave generator. The subsequent
reduction of the force F (third stage) is associated with
the decrease of gas pressure in the duct due to the
escape of the gas bubble through the right end of the
duct and, also, due to the ejection of fluid through the
left end thereof. In general, Fig. 8 shows that, in both
cases, the instantaneous force F acting on the device is
almost always positive for 50–60 ms after the opening
of the diaphragm, decreasing later to zero (fourth
stage). As might be expected, the areas under the curve
in Fig. 8a, determining the work done by the expand
ing gas, turned out to be identical to within 2–3%.
The shape of the curves in the initial stages of the
process (Fig. 8b) shows that, the use of bubbly water
charge in the duct makes it possible to produce a
higher instantaneous force than in the case of a con
tinuous water charge. In the first case, the peak instan
taneous force acting on the device reaches 100 kN/m,
whereas in the second case, the peak instantaneous
force does not exceed 70 kN/m. Furthermore, in the
first case, the peak is longer: 1 ms instead of 0.2 ms. In
more detail, this effect is illustrated in Fig. 9, showing
how the average force acting on the device varies with
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Fig. 7. Calculated isolines of the volume fraction of water α2 at different points in time after the opening of the diaphragm in the
shock wave generator (plotted at a step of 0.1). Panels on the left refer to a bubbly water charge with α20 = 0.9; those on the right,
to a continuous water charge, α20 = 1.

time t at α 20 = 1, 0.97, 0.94, 0.9, and 0.8 (the first series
of calculations). The average force is defined as
t

F (t ) = 1 F (t )dt.
t

∫
0
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Figure 9 shows that the increase of the initial vol
ume fraction of gas in the bubble charge leads, on the
one hand, to the growth of the peak value of the posi
tive average force as compared to that in the continu
ous water charge (dashed curve), while on the other, to
an increase in the duration of the peak level of the neg
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Fig. 8. Calculated time evolution of the instantaneous force acting on the device during momentum transfer from a shock wave
to a bubbly water charge with α20 = 0.9 (solid line) and to a continuous water charge with α20 = 1 (dashed line): (a) flow duration
is 120 ms, (b) initial 20ms portion of (a).

ative average force at the beginning of the process.
Note that the F (t ) dependence for the continuous
water charge features no portions with negative aver
age force. After 12–14 ms, the average force F (t )
becomes independent of the initial gas content of the
water charge in the duct.
Negative values of the mean force for bubbly water
charges occur because the velocities of the pressure
waves that begin to propagate in a bubbly and a contin
uous liquid after the arrival of the shock wave from the
gas at its boundary with the bubbly liquid differ sub
stantially from each other: the pressure wave in the
bubbly liquid propagates much more slowly than it
does in the continuous liquid. Therefore, the pressure
wave traveling to the left through a continuous liquid
in the duct causes an earlier ejection of the liquid
through the left end of the duct than through the right
end. This conclusion is confirmed by the data in Fig. 10,

which shows the average force exerted on the device as
a function of time t for three variants of filling of the
duct with bubbly liquid at α 20 = 0.9 (second series of
calculations). Curves 1–3 correspond, respectively, to
the variants in which only region I, regions I and II,
and I, II, and III are filled (Fig. 6). It is clear that addi
tional filling of the duct with bubbly liquid (curves 2
and 3 in Fig. 10) enables to eliminate the initial por
tion with negative average force, thereby making the
average force greater than the corresponding value for a
continuous water charge (Fig. 9) at times up to 6–7 ms.
CONCLUSIONS
Thus, based on a system of equations of twophase
compressible viscous flow, a twodimensional numer
ical simulation of momentum transfer by a shock wave
propagating from a gas medium to a continuous or
bubbly aqueous medium was performed. When a
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Fig. 9. Calculated time histories of the average force
exerted on the device during momentum transfer from a
shock wave to (1) a continuous water charge (α20 = 1) and
to bubbly water charges with α20 = (2) 0.97, (3) 0.94,
(4) 0.9, and (5) 0.8.

shock wave impinges on a continuous incompressible
aqueous medium, the latter is set in motion by the gas
overpressure after the reflection of shock wave from
the gas–liquid interface. By contrast, when a shock
wave impinges on a bubbly aqueous medium, the latter
is set in motion by the shock wave penetrated into it.
Parametric calculations have shown that the momen
tum transfer from a shock wave to a bubbly liquid can
be accompanied by dynamic effects, which ensure
that, for some time, the momentum transferred to the
bubbly liquid can greatly exceed the momentum trans
ferred to the continuous liquid, all other things being
equal. These dynamic effects can be used to create
energyefficient hydrojet propulsion units.
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Fig. 10. Calculated time histories of the average force act
ing on the device for three variants of filling of the water
duct with bubbly liquid with α20 = 0.9: (1) only region I
(Fig. 6) is filled; (2) regions I and II, and (3) regions I, II,
and III.

W (x, y, z,0) = W0,

(A.1)

where W is the vector of dependent variables. Then, at
t > 0, we obtain a constant solution in all the variables.
To investigate whether the evolution problem is
wellposed, it is necessary to check whether the solu
tion continuously depends on the initial conditions.
Let us perturb initial conditions (A.1) as

W '(0, x, y, z) = W0 + W δ sin(ax)sin(by)sin(cz), (A.2)
where a, b, and c are the perturbation frequencies, not
all simultaneously zeros, and W δ is the perturbation
amplitude.
Let us now linearize system (1) in the vicinity of the
constant solution W 0:

W (t, x, y, z) = W0 + W '(t, x, y, z).

(A.3)

Substituting (A.3) into (1), assuming that the per
turbations of all parameters are small, and neglecting
the secondorder small terms reduces the system to a
canonical form. As a result, we obtain a linear system
of equations with constant coefficients:

E ∂W ' + A ∂W ' + B ∂W '
∂t
∂x
∂y
+ C ∂W ' + D ∂ W2 ' + F ∂ W2 ' + G ∂ W2 '
∂z
∂x
∂y
∂z
2

2

2

(A.4)

2
2
2
+ H ∂ W ' + J ∂ W ' + K ∂ W ' = 0.
∂ x∂ y
∂x∂z
∂ y∂ z
The solution to Eq. (A.4) will be sought in the form

APPENDIX
Consider the isothermal twophase flow of a vis
cous liquid–gas medium, described by Eq. (1) with
constant initial conditions for all the variables:
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Substituting (A.5) into (A.4) and dividing both sides by
R 2 = a 2 + b 2 + c 2, yields

⎡M (a, b, c) + iω E ⎤ W δ = 0,
2
⎢⎣
R ⎥⎦

(A.6)

where

(

M (a, b, c) = 12 Aia + Bib + Cic − Da 2
R
2
− Fb − Gc 2 − Hab − Jac − Kbc .

)

For system (A.6) to have a nontrivial solution, its
determinant must be zero:
(A.7)
M (a, b, c) + iω2 E = 0.
R
The solution to the characteristic equation (A.7) is the
function ω(a, b, c). The Cauchy problem for system (1)
with initial conditions (A.1) is correct if there is a con
stant C, such that, for all a, b, c ∈  , the inequality
Im[ω(a, b, c)] ≥ −C holds. The issue whether such a
problem is wellposed is usually associated with highfre
2
2
2
2
quency perturbations R = (a + b + c ) → ∞, since ω is
limited at any finite R.
Let us introduce the notations
λ = − ω2i , a = R sin(θ)cos(χ),
(A.8)
R
b = R sin(θ)sin(χ), c = R cos(θ)
and recast (A.7) in terms of the variables (R, θ, χ). In
this case, λ is the eigenvalue of the matrix
M (1 R , θ, χ) . To check whether the values

(

)

(

)

ω 1 , θ, χ = −iλ 1 , θ, χ R 2
R
R
are limited, we expanded R → ±∞ in the small parame
ter ε = 1 R : λ = λ 0 + λ1ε + λ 2ε 2 + o(ε3), where λ 0 is the
eigenvalue of the matrix M 0 = M (0, θ, χ). Now, the
wellposedness condition can be formulated differ
ently: the Cauchy problem for system (1) with initial
conditions (A.1) is wellposed if all the eigenvalues of
the matrix M satisfy one of the conditions
Re[λ 0] > 0,
Re[λ 0] = 0 and Re[λ1] = 0.
In this case, the lefthand side of Eq. (A.7) is a
polynomial of degree eight. The matrix M 0 yields six
positive real values:
μ
4μ1 (4,5) μ 2 (6) 4μ 2
λ (1,2)
= 1 , λ (3)
, λ0 = , λ0 =
,
0
0 =
ρ1
3ρ1
ρ2
3ρ2
which satisfy the condition of wellposedness, and the
double root λ (7,8)
= 0, for which, it is necessary to
0
examine the next term of the expansion λ 1(7,8). The
eigenvalue is a nondifferentiable function of the
parameter ε at the point ε 0 = 0.

Let us perturb the parameter ε in a vicinity of ε 0
and use the theorem on the bifurcation of a semisim
ple double eigenvalue [17]. In our case, as a result of
bifurcation, the eigenvalue λ splits in the vicinity of
ε 0 = 0 into two eigenvalues:
λ (7) = i [w1 cos θ + sin θ(u1 cos χ + v 1 sin χ)] ε + o(ε 2 ),

λ (8) = i [w2 cos θ + sin θ(u2 cos χ + v 2 sin χ)] ε + o(ε 2 ),
where u, v, and w are the velocity components of the gas
(subscript 1) and liquid (index 2). Thus, Re[λ1(7,8)] = 0
and, hence, the Cauchy problem for system (1) with
initial conditions (A.1) is wellposed.
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