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A mathematical model for drop vaporization, ignition, and combustion
in a spatially uniform monodisperse drop suspension is proposed and
applied for numerical studies of spray e ects.
1

INTRODUCTION

Drop combustion is a phenomenon comprising all main constituents of the combustion process, namely, fast exothermic chemical reactions complicated by diffusion of reactants and products, thermal energy deposition, spreading of heat
in the medium, and convective ows. The classical theory implies that drop
combustion is di usion limited and therefore chemical kinetic aspects are out
of the analysis [1{4]. In addition, the classical theory considers an isolated
drop in uncon ned ambience. Within these presumptions, notable progress in
understanding relevant physical and chemical processes has been achieved recently [5{8]. However, for problems dealing with combustion-generated pollutants and transient modes of combustion, like ignition or extinction, it is necessary to consider the e ects of nite-rate chemical kinetics. Moreover, in practice,
drop vaporization, ignition, and combustion occur in presence of neighboring
drops or con nement surfaces. The corresponding e ects are usually referred
to as `spray' and `con nement' e ects. Spray e ects manifest themselves in
two-phase reactive ows [9{15]. In existing computational approaches, chemical
reaction rates are determined based on considering gas-phase combustion with
fuel drops treated as distributed source terms for fuel vapor. As a matter of fact,
spray combustion is a complex combination of di usion-controlled ames around
individual drops, groups of drops, and gas-phase partially premixed ames.
The objective of this paper is to study drop vaporization, ignition, and combustion with extended kinetics of fuel oxidation and pollutant (CO, NO, and
soot) formation, transient heating, and multicomponent di usion, as well as
spray e ects taken into account.
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2 FORMULATION

For a spatially uniform and monodisperse drop suspension in air, an elementary
cell in the form of hexahedron (in the two-dimensional plane, see Figs. 1a and
1b ) or polyhedron with faces in the form of equilateral triangles (in the threedimensional (3D) space, see Fig. 1c) can be constructed around each drop [16].
The length of a polyhedron edge is equal to a half-distance between drops in
suspension, Rc. Due to symmetry considerations, mass, momentum, and energy
uxes through the faces will be zero. Polyhedron volume, Vs, and surface area,
Sc , are:
p
5
2 R3 ; Sc = 5p3R2
Vc =
c
3 c
Thus, drop behavior in the suspension can be modeled by solving the governing
conservation equations for a single drop with symmetry boundary conditions at
the polyhedron faces. As shown in [16] based on 3D simulation of laminar ow
pattern around an evaporating drop, the polyhedron cell can be approximated
with an elementary sphere. In this case, the 3D problem is reduced to onedimensional formulation with zero- ux boundary conditions at the surface of
the elementary sphere of radius R equal to:
p
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Figure 1 Elementary cell for the uniform monodisperse drop suspension. Black
circles denote drops. Circumferences around drops characterize the spread of di usion
uxes from individual drops. ( ) Spray e ects are absent; ( ) spray e ects manifest
themselves. Dashed line bounds the elementary cell with zero mass and energy uxes
through its surface; R is the characteristic cell size (half-distance between drops); and
( ) 3D elementary cell in the form of a regular polyhedron with 20 faces
b

c

c
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The volume of the elementary sphere is V = Vc and the surface area is S=Sc 
0:99. The error of such an approximation depends on the suspension density
characterized by the loading ratio  | the mass of dispersed liquid in the unit
volume. At a given loading ration, the radius of the elementary sphere is equal
to:
 1=3
R  R0

l


where R0 is the initial drop radius and l is the liquid density. In terms of the
equivalence ratio,  = =(stg ), the radius of the elementary sphere is equal to:
1=3
l
R  R0
g st


where g is the initial gas density and st is the stoichiometric fuel{air ratio. At
normal atmospheric conditions, for stoichiometric mixtures of liquid hydrocarbon
fuels, g = 1:19 kg/m3, l 3= 700{800 kg/m3, st  0:06, and  = 1; therefore
 = st  0:07{0.08 kg/m , Rc =R0  25{27, and R=R0  21{22. At elevated
pressure,3for example, at the end of compression stroke in a Diesel engine (g 
30 kg/m ), Rc=R0  9 and R=R0  8.
The mathematical statement of the problem is described in detail in [16{18].
It is based on the following simplifying assumptions: (1) the drop has a spherical
shape; (2) no internal di usion of species and convection exist inside the drop;
(3) buoyancy e ects in a gas phase are not considered; (4) pressure is constant;
and (5) concentration of fuel vapor at the drop surface is governed by the equilibrium relationship. The governing equations of the model include the partial
di erential equations of energy conservation in the drop; gas-phase continuity
and energy conservation equations; multicomponent di usion equations for gasphase species, and the real-gas equation of state for the gas phase. All relevant
physical processes are considered as functions of pressure and temperature.
Boundary conditions comprise the symmetry condition in the drop center;
temperature, heat, and mass- ux continuity conditions at the drop surface; and
the no-gradient conditions at the spherical elementary cell surface. As the model
implies constant pressure, the radius of the elementary sphere is dependent of
time, i.e., R = R(t). The expansion/shrinking of the sphere is found from the
solution by allowing the external boundary of the sphere to move with the local
gas velocity at a radial distance r = R.
Initial conditions encounter homogeneous conditions inside and outside the
drop. To facilitate drop ignition, a provision for a thin hot layer is made in the
gas phase. The ambient temperature is taken equal or higher than the drop
temperature. Initial fuel vapor content in the gas phase is taken either zero (in
case of no prevaporization) or equal to a speci ed value depending on the drop
prevaporization degree.
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Gas-phase oxidation of a heavy hydrocarbon fuel is modeled by means of the
overall reaction mechanism containing 10 species (fuel, O2, N2, CO, CO2, H2,
H2O, NO, soot (denoted as C), and a generalized radical R). The mechanism is
presented in Table 1. The values of corresponding Arrhenius and thermodynamic
parameters are presented for n-heptane and n-tetradecane that are used below in
calculations. In the mechanism of Table 1, the main chemical process responsible
for heat release and taking into account dissociation and chain branching is represented by reactions Nos. 1 to 6. Reactions Nos. 7 to 10 describe formation and
consumption of nitrogen oxide and soot. In general, the overall mechanism of Table 1 includes dependence of preexponential factors of some reactions on a local
fuel{air ratio. However, herein this dependence is neglected. The kinetic mechanism has been preliminarily validated for propagating premixed ames, nonpremixed counter ow ames, fuel drop autoignition, and di usion ames [19{23].
A set of governing equations was integrated numerically with the use of a nonconservative implicit nite-di erence scheme and a movable, adapted, computational grid. The solution procedure included iterations at each time step. The
important point of the algorithm is the linearization of the conditions at the drop
interface. For ensuring rapid convergence of the iterations, the full Newton-type
linearization of the interface conditions was required. The accuracy of the solution was controlled by checking the elementary balances of C and H atoms as
well as the energy balance at each time step.
3

RESULTS AND DISCUSSIONS

Numerical solution of mass, momentum, and energy conservation equations for
a hydrocarbon drop within the elementary sphere resulted in several important
ndings. Below these ndings are discussed on examples of drop vaporization,
autoignition, and combustion.
3.1 Drop Vaporization

The mathematical model has been validated against available experimental data
on isolated drop vaporization [17, 18]. Figure 2 shows the comparison of predicted and measured [24] surface regression curves for a n-tetradecane drop
of initial diameter
d0 = 70 m evaporating in air at ambient temperature of
Tg0 = 300 Æ C.
Analysis of drop vaporization in dense drop suspensions indicates [16] that
drop lifetime increases considerably as compared to an isolated drop in an unconned atmosphere. Figure 3 shows the calculated time histories of the squared
drop diameter depending on . Three important ndings are worth mentioning:
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Figure
2 Comparison of the predicted
d2 (t)-curve with experimental data [24]
on evaporation of an unsupported ntetradecane drop with d0 = 70  2 m
in airÆ at ambient temperature of T 0 =
300 C
g

Figure 3 Predicted time histories of the
normalized surface of an n-heptane drop
evaporating in air as a function of  [16].
Initial parameters: drop diameter d0 =
70 m, drop temperature T 0 = 293:15 K,
gas temperature T 0 = 573:15 K, and
pressure p = 0:1 MPa. 1 |  = 0 (isolated drop), 2 | 1.06, 3 | 2.12, 4 |
4.25, 5 | 8.5, and 6 | 17.0
l

g

(1) drops evaporate slower; (2) the deviations from the classical d2-law increase
as  increases; and (3) at a certain , drops evaporate only partly. The latter
nding is due to a considerable screening e ect of neighboring drops in the
cloud resulting in vapor saturation conditions in the interdrop space. Slower
vaporization of individual drops has been observed in experiments with linear
drop arrays [25].
3.2 Drop Autoignition

To validate the reaction mechanism of Table 1 for autoignition of isolated nheptane drops, the predicted values of autoignition delay were compared to the
experimental data obtained under microgravity conditions [26, 27]. The initial
drop temperature was set to Tl0 = 293:15 K. The ambient gas temperature
around the drop was taken spatially homogeneous and equal to Tg0. Size of
the computational domain around the drop, Rm, was taken suÆciently large
as compared with the initial drop radius, r0, so the parameters at the outer
boundary of the computational domain were kept constant during computation.
After some time interval, referred to as the ignition delay, autoignition occurs
at a certain distance from the drop surface. The autoignition delay is determined
from the maximum temperature history as the time taken for the maximum
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Table 2 Comparison of predicted and measured autoignition delay
times for isolated n-heptane drops at pressure of 1 atm
Initial drop diameter, Air temperature, Autoignition delay, s
m
K
measured predicted
700
1000
0.30 [26]
0.19
1000
960
0.58 [27]
0.48
0 = 106 K/s. Other reatemperature increase rate to reach a preset value of Tmax
0 = 107 K/s,
sonable de nitions of ignition delay were also tested (e.g., with Tmax
etc.). All de nitions provided very similar results for the autoignition delay.
The comparison between predicted and measured [26, 27] ignition delays for
n-heptane drops is presented in Table 2.
Figures 4a and 4b show the predicted time histories of the maximal temperature around n-heptane (Fig. 4a ) and n-tetradecane (Fig. 4b ) drops at autoignition conditions (drop temperature Tl0 = 293:15 K, gas temperature Tg0 =
1200 K, and pressure p = 0:1 MPa). An isolated n-heptane drop does not ignite
at these conditions, whereas n-tetradecane drop ignites (see curves 1 ). Spray
e ects are illustrated by curves 2 to 4 corresponding to  = 0:5, 1.0, and 2.0,
respectively. For n-heptane drop suspension, the shortest ignition delay time is
attained for the stoichiometric composition with  = 1:0 (curve 3 in Fig. 4a ).
The fuel-rich suspension of n-heptane drops with  = 2:0 ignites only when

Figure 4 Predicted time histories of maximal temperature around n-heptane ( ) and
n-tetradecane ( ) drops at autoignition conditions. Initial parameters: drop diameter
d0 = 50 m, drop temperature T 0 = 293:15 K, gas temperature T 0 = 1200 K, and
pressure p = 0:1 MPa. 1 |  = 0 (isolated drop), 2 | 0.5, 3 | 1.0, and 4 | 2.0
a

b

l

g
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Figure 5 Predicted time histories of fuel index I (Fu ) in a stoichiometric spray
of small n-heptane drops with d0 = 2, 4, 6, and 8 m at initial air pressure and
temperature of 3 MPa and 1500 K, respectively: ( ) Fu = 0, and ( ) Fu = 0:25
d

a

g

b

g

the drops are completely vaporized. For the n-tetradecane drop suspension,
the shortest ignition delay time is attained for the fuel-lean composition with
 = 0:5 (curve 2 in Fig. 4b ). The fuel-rich suspension of n-tetradecane drops
with  = 2:0 does not ignite, at least during 10 ms. Thus, autoignition behavior
is very sensitive to the suspension density and fuel properties.
It is instructive to introduce a fuel index as the ratio of fuel mass in the gas
phase to the initial drop mass:
6
I (Fu) = 3
d 

ZR

0 l rs

4r2Y (t; r) dr

(1)

where Y is the partial fuel vapor density, rs is the instantaneous drop radius,
and Fu stands for fuel. There are two fuel indices: I (Fud ) | for the fuel vapor
originating from the drop due to its vaporization at time t > 0, and I (Fug ) |
for the fuel vapor existing in the gas phase at t = 0 due to drop prevaporization.
Figures 5a and 5b show the time histories of fuel index I (Fud ) in a stoichiometric spray for small n-heptane drops from 2 to 8 m in initial diameter
with no prevaporization (a ) and with I (Fug ) = 0:25. At the conditions adopted
(Tg0 = 1500  and p = 3 MPa), drops of initial diameter 2 m evaporate in approximately 5.8 s; however, chemical reaction is almost absent during a period
of 0.1 ms. The same is valid for drops 4, 6, and 8 m in diameter. Combustion
is considerably accelerated if at the beginning of the process, the gas phase contains some amount of prevaporized fuel. Note that the total initial equivalence
ratio was always kept constant and equal to 1, i.e., in cases with Fug > 0, the
radius of the elementary sphere R was correspondingly changed.
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It follows from Fig. 5b that during ignition delay period fuel vapor accumulates around the drop and after ignition it is rapidly consumed. Clearly, at Fug >
0, the rate of I (Fud) decay can change drastically starting from a certain time.
For example, at t = 60 s, drops of initial diameter 6 m exhibit fast decrease of
fuel vapor concentration (see Fig. 5b ) caused by ignition of initially prevaporized
fuel. After ignition, the rate of fuel vapor depletion decreases due to transition
to di usion controlled drop combustion. At t = 100 s, only 2.5% of fuel vapor
remains unburned. In case of drops of initial diameter 8 m, 4.6% of fuel vapor
remains unburned at t = 100 s. Suspensions with drops of initial diameter 4 m
ignite with the ignition delay of approximately 80 s (strong cooling due to evaporation manifests itself), but completely burn out before 100 s. Suspensions
with drops of initial diameter 2 m do not ignite during 100 s. Thus, the ignition delay and fuel burning time in the spray are complex functions of the initial
drop diameter and are strongly a ected by the amount of prevaporized fuel.
3.3 Drop Combustion

The mathematical model was also validated against available experimental data
for isolated drop combustion. A curve in Fig. 6 shows the predicted dependence
of the combustion constant K of n-heptane drops on the initial drop diameter.
In the calculations, the combustion constant is determined as the slope of the
d2 (t)-curve at the quasi-steady period of drop combustion, i.e.,
d(d2s )
K=
where ds = 2rs.

dt

Figure 6 Comparison of predicted (curve) and measured (symbols) dependencies
of n-heptane combustion constant K on the initial drop diameter at normal pressure.
Experimental data: 1 | [28], 2 | [29], 3 | [30], 4, 5 | [31], 6 | [32], 7 | [33], 8 |
[34]
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Figure 7 Comparison of predicted (curves) and measured (error bars) dependencies
of drop ( ) and ame ( ) diameter for a burning n-decane drop under low-gravity
conditions at normal pressure. Experimental data [35]
a

b

Symbols in Fig. 6 represent experimental data [28{34] obtained both under
microgravity conditions and normal gravity conditions. In some experimental
studies (e.g., [28]) the combustion constant was de ned as K = d20=td, where
td is the drop burning time. Clearly, the model correlates fairly well with the
measurements for drops of relatively small initial size. For drops of large initial diameter, the combustion constant is somewhat underpredicted. Note that
for such drops, the contribution of convective heat and mass transfer becomes
signi cant, while the model does not include these e ects.
For n-decane drops, the model provides satisfactory agreement with lowgravity experimental data [35] for the evolution of drop (Fig. 7a ) and ame
(Fig. 7b ) diameter.
In the above examples, the maximum gas temperature attained during the
drop lifetime varies from 1800 to 2200 K, with higher temperature values related
to initially larger drops.
The predicted dynamics and structure of the drop ame exhibits several
important features. The rst one is the existence of a soot shell located between
the ame and the drop surface. The second is that the ame, after drop ignition,
moves outwards from the droplet, but at later stages, it changes the direction of
motion ( ame \shrinks"). These both features were observed experimentally [31,
35{38], and reviewed in [39].
Figure 8 shows the predicted histories of the drop radius rs, ame radius
rf (determined as the radial position of temperature maximum), and soot shell
radius rsoot (determined as the radial position of maximum soot concentration).
When considering Fig. 8, one can distinguish three stages in the drop history:
(1) ignition, (2) outward ame motion, and (3) ame \shrinking." The burning process of a drop is accompanied with the formation of a spherical soot
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shell inside the ame. The mass fraction of soot in this shell structure remains nearly constant as combustion
proceeds until near the end of burning when the ame begins to \shrink."
The \shrinking" ame approaches the
soot shell, resulting in soot oxidation
before ame extinguishing. This understanding of soot formation mechanism at drop combustion provides the
measures to control soot emission, for
example, by applying water-in-oil
emulsions [40].
Similar to vaporization, volumetric Figure 8 Predicted histories of drop rar , ame radius, r , and soot shell
combustion in dense drop suspensions dius,
radius,
, during ignition and combusis very sensitive to the drop loading ra- tion of rnsoot
-heptane
of initial diametio. The lifetime of burning drops also ter 0.48 mm in air drop
at
ambient
of
increases with . Moreover, tempera- 0.1 MPa and temperature of 300pressure
K
ture and ame dynamics in the interdrop space behave very di erent from
that typical for the isolated drop other conditions being equal. Figure 9 shows
the calculated time histories of the ame (maximum) temperature Tmax as well
as dimensionless ame and drop radii, rf =r0 and rs=r0, respectively, for the isos

f

Figure 9 Comparison of ame temperature ( ) and dimensionless ame and drop
radii, r =r0 and r =r0 , histories ( ) for the isolated drop (solid curve) and drop in
suspension (dashed curves,  = 1:1). Fuel: n-heptane. Oxidizer: air. Initial pressure
and temperature: 0.1 MPa and 300 K; r0 = 0:25 mm
a

f

s

b
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Figure 10 Predicted time histories of emission indices of CO ( ), NO ( ), and soot ( )
for burning drops in suspension depending on . Initial parameters: d0 = 0:5 mm,
T 0 = T 0 = 293:15 K, and p = 0:1 MPa. 1 |  = 0 (isolated drop), 2 | 0.32, 3 |
0.55, 4 | 1.1, 5 | 5.3, and 6 |  = 18:5
a

l

b

c

g

lated drop (solid curves) and drop in suspension (dashed curves) of similar initial
radius r0 = d0=2 = 0:25 mm.
The suspension density in this case is characterized by the equivalence ratio
 = 1:1. The ame temperature for the drop in suspension is considerably
higher than that for the isolated drop; in particular, at the end of combustion.
For the isolated drop, the ame stabilizes at a distance of about 8r0, whereas
for the drop in suspension, the ame spreads towards the edge of the elementary
sphere consuming all available oxygen. In fuel-rich suspensions, only a part
of fuel is burned and the remaining fuel is vaporized and accumulated in the
interdrop space together with the combustion products. As the temperature in
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the interdrop space is high, fuel vapor can partly decompose to more reactive
intermediate species.
Emission indices of pollutants depend considerably on the suspension density.
Figure 10 shows the predicted emission indices of CO (a ), NO (b ), and soot (c).
The emission indices are de ned by Eq. (1) with Y treated as the partial density
of the corresponding species in the gas phase. It follows from Fig. 10 that the
near-stoichiometric suspensions exhibit maximal emission indices. As could be
expected, fuel-rich suspensions exhibit higher emission indices of CO and soot,
but lower emission indices of NO than the fuel-lean mixtures.
4

CONCLUDING REMARKS

Based on the detailed simulation of drop behavior in a uniform monodisperse
suspension, it has been shown that (1)2 drops in suspension vaporize slower than
isolated drops; (2) quasi-stationary d -law is, in general, not valid for drops in
suspension; (3) at suspension densities exceeding a certain limiting value, drops
vaporize only partly or virtually do not vaporize; (4) drop autoignition delay
depends on the drop diameter and suspension density and is strongly a ected by
the amount of prevaporized fuel; (5) individual drop ame structure and parameters depend on the suspension density; (6) individual drop ame exists within
a limited range of suspension densities; and (7) emission indices of pollutants
(CO, NO, and soot) depend considerably on the suspension density. Results of
calculations have been compared with available experimental data. The analysis
reported herein is also applicable for approximate description of local phenomena
in nonuniform polydisperse drop suspensions. It is intended to use the results
for improved ignition and combustion modeling in two-phase reactive ows.
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